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Abstract 

If Ag{(3,a,k) is the scattering amplitude, corresponding to a potential q G L?'{D), 
where D C is a bounded domain, and e*'^"'^ is the incident plane wave, then we 
call the radiation pattern the function A{(3) := Aq{(3, a, k), where the unit vector a, 
the incident direction, is fixed, and A; > 0, the wavenumber, is fixed. It is shown that 
any function /(/?) G L?'{S'^), where S"^ is the unit sphere in M^, can be approximated 
with any desired accuracy by a radiation pattern: \\f{(3) — A{f3)\\i2(^s2^ < e, where 
e > is an arbitrary small fixed number. The potential q, corresponding to A{f3), 
depends on / and e. 

There is a one-to-one correspondence between the above potential and the density 
of the number of small acoustically soft particles Dm C D, 1 < m < M , distributed 
in an a priori given bounded domain D C M^. The geometrical shape of a small 
particle Dm is arbitrary, the boundary Sm of Dm is Lipschitz uniformly with respect 
to m. The wave number k and the direction a of the incident upon D plane wave 
are fixed. 

It is shown that a suitable distribution of the above particles in D can produce 
the scattering amplitude A(a',a), a', a G 5^, at a fixed k > 0, arbitrarily close in 
the norm of L?'{S'^ x S"^) to an arbitrary given scattering amplitude /(a', a), corre- 
sponding to a real- valued potential q G L^{D), i.e., corresponding to an arbitrary 
given refraction coefficient in D. 
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1 Introduction 



It is proved that one can distribute in a given bounded region D, small in 
comparison with the wavelength in D, acoustically soft particles, so that the 
resulting "smart" material will have the scattering amplitude A{(3, a) at a 
fixed wavenumbcr k > which approximates an arbitrary given scattering 
amplitude, corresponding to any given refraction coefficient, with any desired 
accuracy. 

Wc denote by A the wavelength in D, by a the characteristic dimension of 
small particles. We assume that a -C A. By A; > we denote the wavenumber 
in the free space, outside D. 

It is also proved that one can distribute small particles in D so that the 
corresponding radiation pattern, i.e., the scattering amplitude A(y(5) : A{(3,a) 
at a fixed k > and a fixed a E S^, would approximate with any desired 
accuracy an arbitrary given function e L^(5'^). Here 5^ is the unit sphere 
in M^, a is the direction of the incident plane wave Uq := e*^"'^, r = and 
/9 := - is a direction of the scattered wave. Let us formulate the statement of 
the problem and the results. 

The governing equation is 

[V^ + k'^no{x)]u := [V^ + k"^ - qoix)]u = in R'l k = const > 0, (1) 

uqIx) is a given refraction coefficient, no(x) = 1 in D' — M.^\D, D is a bounded 
domain, no(x) > in M^, ti is acoustic pressure. 



The scattering problem consists of finding the scattering solution u to (1) with 
the asymptotics 



e / i \ X 

uo + Ao{(3,a) - , r :^ \x\ ^ oo, P -.^ Uq :^ e''"^'''. (2) 



The coefficient Ao{j3,a) is called the scattering amplitude, corresponding to 
qo, or the radiation pattern. If many small particles Dm, I < m < M, are 
embedded in D, u \s^— 0, where S^. is the boundary of D^,, then the scattering 
problem is: 



qo{x) := k'^[l - no{x)] =0 in D'. 
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[V^ + k^- qo{x)]u = in \ U A 
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and the solution u is called the scattering solution. 



We assume 

A;a < 1, a < (i, (6) 

where 

a = - max diamDm, d = min dist (Dm, Dj). 

2 l<m<M m^j 

Assumptions (6) allow us to have d <^ X. We assume that the quantity ^ has 
a finite non-zero limit as M — > oo and ^ — > 0. More precisely, if Cm is the 
electrical capacitance of the conductor with the shape then we assume 
the existence of a limiting density of the capacitance per unit volume around 
every point x & D: 



lim 

M^oo 

DmCD 



Lc{x)dx, (7) 

~ Jd 



where D C -D is an arbitrary subdomain of D. Note that the density of the 
volume of the small particles per unit volume is O (^^^ ^ as ^ ^ 0. One 
can prove (see [3], p. 103) that in the limit M —>■ oo the function u solves the 
equation 

[V^ + A;^ - = in R^ q{x) ^ qo{x) + C{x), (8) 

where C{x) is defined in (7), and A{(3,a) in (5) corresponds to the potential 
q{x) (see also [1], where similar homogenization-typc problems are discussed). 

In [2] the problem of finding q from the data A{(3, a) known for all /?, a E S"^ 
(actually, for all [3 E Sf and all a G 5"!, where S"^, j = 1,2, are arbitrary 
open subsets in S"^) has been investigated in detail: uniqueness of its solution 
is proved, an algorithm for recovery of q from the above data was proposed, 
and its error estimate was obtained in the cases of both exact and noisy data. 

If all the small particles are identical, Co is the capacitance of a conductor in 
the shape of a particle, and N{x) is the number of small particles per unit 
volume around point x, then 

C{x) = N{x)Co. 

Therefore, 

q{x) ^ qo{x) + N{x)Co, 

and 

Nix) = M^^. (9) 

Thus, one has an explicit one-to-one correspondence between q{x) and the 
density N{x) of the embedded particles per unit volume. Let us describe our 
solution to problem (Pi), which consists of finding N[x), given A{f5, a). 
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If A(P, a) is the scattering amplitude, corresponding to a potential q G L'^(D), 
then, given A{f3, a), one applies Ramm's algorithm (see [2], Chapter 5), recover 
q{x), and then calculate N{x) by formula (9). 

Consider a new inverse problem (F2): 

Let A{f3) e L'^{S'^) be an arbitrary funceion. Can one find a potential Q e 
L'^{D), such that the corresponding scattering amplitude Ag{P) at a fixed k > 
and a fixed a & would approximate f{(T) with a desired accuracy: 

\\f{(3)-A,m<e. (10) 

The answer is yes. Let us explain this. Note that 

A,{(5) = e-''^-^q{x)u{x)dx, (11) 

where u{x) is the scattering solution corresponding to a potential q e L'^{D), 
k and a are fixed. If g is a known, then N{x) can be calculated by (9). Denote 

h :— q{x)u{x). (12) 

Lemma 1 For any f e L'^{S^) and any si > 0, however small, there exists 
an h — he^{x) e L?'{D), such that 

||/(/3) + ^ e-'^^-^h{x)dx\\L^^s-^ < £1. (13) 

Thus, given / and ei > 0, one can find h G L'^{D) such that (13) holds. This 
h can be found either numerically or analytically (see [4]). 

If h is found, then one can find a q{x) G L'^{D) such that 

\\h - q{x)u{x)\\L2(D) < e2, (14) 

where £2 > is an arbitrary small given number. 

This is possible due to the following result. 

Lemma 2 For any h G L'^{D) and any £2 > 0, there exists a q E L'^{D), such 
that (14) holds. 

If such a g is found, then (10) holds with an arbitrary small £ > 0, if £1 and 
£2 are sufficiently small. This follows from Lemmas 1, 2 and formula (11). 

Let us describe the steps of the solution to Problem {P2)- 
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Step 1. Given an arbitrary function f{(3) G L'^{S'^) and Si > 0, one finds 
h E L'^{D) such that (13) holds. 

Step 2. Given h and £2 > 0, one finds q G L'^{D) such that (14) holds. 

Step 3. This q generates the scattering amplitude A{i3) at fixed a and k, such 
that (10) holds. 

Indeed, let || ■ || := || ■ 11^2(52). Then 

\\f{(3) - A,{f])\\ = \\f{(3) + ^ [ e-''^-^q{x)u{x)dx\\ 

Air Jd 

< \\fif3) + — I e'^^-'^hdxW (15) 
An Jd 

e^lDl e2\D\ 

H < £1 H < £, \D\ = measD. 

An ~ An ' 1 1 



Remark. If the boundary condition on Sm is of impedance type: 

UN = on Sm, 

where is the exterior unit normal to the boundary Sm, and C is a complex 
constant, the impedance, then the capacitance Co in formula (9) should be 
replaced by 

^ _ Co 

^ + C|5| 

where is the surface area of S, and the corresponding potential q{x) will 
be complex- valued (see [3], p. 97). 
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